Fourier Seriesand Integral:
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Solution:
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To obtain formula the coefficients a, and
b, we need the following integrals, where
m and n are integers.
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Limits :

Inn

1- Lim—=0
Nn—oc N
2 — Lim /n=1
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4— Lim x"=0 (X <)
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5— Lim (1+—) =4
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Integrals: (m and n areintegers)

27 27
1-— jsin nx dx = jcosnx dx=0
0 0
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. 2 4a

a’ #b?

a’ #b’

a’ #b?



Example:What is the Fourier expansion of the periodic

function whose definitionin one periodis:

0 —7<t<0
f(x)=1 4
sint O<t<rx




Solution:

d+2p
_ = jf(t)dt
:i[deHjsintdt] :i(— cost
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a, =—
7T
(0 n =odd
an:<1+cosn2n = even (n=1)
| 7(1-n%)
a, =0
b =0 (n#1)
1
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f(t)=—=+ {ancos—+bnsm—}
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f(t)y=—+ — + + + o
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Note:

cos(z —Nnx)=coszcosnz+SinzSinnNz =—CcosSnrx

cos(zr +nx)=Ccoszcosnxz—SinzSINNz =—COoSNx



Numerical Series can be obtained from Fourier series,

for example: If t:%in the previous example:

/4 T
sin—= f(—
2 (2)
1 1 2,1 1 1 1 1 1
l=—"-+——"-(—F+———+———+—....... )
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e y = sin t
Ja 71; i _122_‘ A
_\\\\_.,_,...-// T

T=CiViTEngineering
Departmentl Third Stage Eng.Anal.& Num.
Meth. Dr.Adnan Jayed zedan



Example:

f(@__—t —-3<t<0
]t O<t<3

Solution:
2p=6, p=3 , take d =-3

-1
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3, == [f(@dt
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(cosnz —1) n=0

Nz n-rz
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d+2p

1 f f(O)s nntdt
= — Sin —
p J p

0 3
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3

= —Cos( NIT) ——COSNT
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a, = 3

a, = (n = odd)

m°n?
a, = 0(n = even)

b, =0

f(6) ="+ Z
3mt 1 Smt

s f(t) ———(—cos— 3 o g oo ‘

nrt - nmt
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Note:

f(t) 1Is even ..b =0

N

f(t) 1s odd ..a =0

N



Even and Odd Functions:

ﬂf h\“‘xﬁ RN

AT T x
Even ©dd

Symmetrical with y-axis Symmetrical with Origin

g(-x)=g(x) g(-x)=-g(x)

P P D

[9(dx=2[ g(x)dx IQ(X)dX =0

“p 0 —p

cosnipxis even Sinmis odd
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Theorem(1):

P
If f(x) Is even a, =gjf(t)cosn—7ztdt
P9 p
and b, =0

Theorem(2)
If f(x)Is odd, a =0

n

P
and b, == [ f )sin? " dt
PY

P



Product:

Odd *Odd = Even
Even®* Even = Even
Even*0Odd = Odd



Half —rangeexpansion:

Ex :Find the half —rangeof :
f(t)=t—t° O<t<l

Solution:
(1) Extend to (-1,0) by

reflectionin the y —axis

b =0 (even) /\
= j f(t) cosn—ﬂtdt : : 1



1
a =gj(t—t2)cosn—7ztdt
1/ 1

t .
= 2[(——sInnzt+——cosnxt)—
Nz n° 7
2
(—sinnzt+——cosnzt————sinnzt)],
Nz n° 7 s

coshz—1 2cosnsxr
=2 > 2 > 2
Nz n“xr



(COSTVZ’—]. ZCosnnj
a =2 —

n27z_2 n27z_2
LA =— 2(1+2C23nﬂ) n=0 (a =0 n=odd)
s
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a,=—|(t-t)dt=2[—-—=], ==
=1 -t)dt=25 T =

1 4 _cos2xt cosdrnt cosort
——— + + + e,

6 7’ 4 16 36
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(2) Extend to (—1,0) byreflectionin the origin

a =0 (odd)
P
b, == [ £ @sin™ " dt
p1 p




1
:g_[(t—tz)smn—ﬂtdt
1) 1

—t 1
= 2[(—-cosnzt+—
Nz n°rz
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—t° 2t . 2
(—cosnzt+——sinnzt+——cosnzt)k

nNx N o n" o

_ 2[(—cosnyz)_(—cosn7z N 2(cosn7z 1) )]

nx 1V n 7Z'




—COSNT —cosnmt 2(cosnm—1)
bn = 21( ni )~ ( — n3m3

_ 4(1 —cosnm)

n (b,, = 0,n = even)

n3m3

8 sinmtt sin37wt sin5mwt sin7 it

f(t)=n3[ ] + 57 + ot + 343 2 |




(3) Extensionof (t—t°) for —1<t<0

—ij f(t)cos”—”tdt
P %
d+2p
ij f(t)sm”—”tdt
p d 2p=2
. p=1 :
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-
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~
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17 nzt
a_ :—j(t—tz)cosidt

1° 1

t . 1
=[(——sInnzt+——cosnxt) -

nrx n°rz
t° 2t . .
(—sinnzt+——cosnzt———=sinnzt)},
11 Nz n°r

1
~(cosnzt 2cosnrt
Nz’ n‘z® ),



2 2 2 _2
Nz N7z

1

= ——|(cosnz —2cosnr) -

Nz
(cos(—nx)—2cos(—nrx))]
Note[cos(—nz) = cosnr]

. (cosnzt ~2cosn ntjl
1

—4cosnrx
SLa = —
nN°r

(n=0)

n

1t ., 2
a == |(t-t?)dt=—=
: 1j1( )t =—



j(t t )sm”—”tdt

—1
=[(—cosnxt + :

nx n- o

~sinnzt)—

—t’ 2t
(—cosnzt+——sinnxzt+

2

—cosnzt)l,
Nz n° 7 n° 7

2

—1 —1
=[(——cosnzt) —(——cosnxzt+
Nz Nz n°rz

_cosnzt)f,



—CcoSnmz cosnhnrx 2

b. =|( : ——COSN7) —
Nz 11 n°rz
cos(—nz) cos(—nxz 2
( ( ): (=n7) —C0s(—nx))]
11 Nz n°rz
h - , oSNz

" N



—4cosnrxr
S.a =

n n2722
2
a, =——
3
b = —2c0Snrx
¥4
() = —}+ 44 (COS7Z"[ ~ cos2rt N cos3zt
3 1 4 9
cosdrt coshrt 2 sinxt
. ) +—( —
16 25 Tz 1
Sin27zt+sin37rt_sin47zt )

2 3 4



Alternative forms of fourier Series:

The complex exponetial formis obtained:

nizt nizt nizt nizt

a <, e" +e P e’ —e P
f(t)=—+) (a +Db

f(t):%+2(a”_ib”e

Define:

c,==; C,
2 2

:an—lbn; C

nizt

S f®=YC, e




<f(t) ZC em;>

d+2p
C,=2a, == [t
2 2p -
Cn:an—zlbn
d+2p d+2p
205 [ fcos"dt- —j £ (t)sin
2'p ! p
d+2p
- [ F@cos —isin gt
2p p p
1 d+2p -nirxt
..C o=— jf(t) e P dt
2p 4
d+2p nirzt

c &t _ 1 jf(t)epdt
2 d

in "% dit]

p



<f(t) ZC em':>

d+2p

C, = 2 == jf(t)dt

d+2p —Nnirxt
C =— jf(t) e P dt

d+2p nirzt

c =Zutib 1 jf(t) e P dt

2 d
OR:

d+2p —nirxt
<C = jf(t) e P dt> (n=+ve, —ve or 0)



Anothertrigonometic forms of fourier Series:

a = Nzt . Nt
ft)=—+ ) (a,cos——+Db_sin—-)
7 oSy
a, < a nrt b . Nt
f(t)==+)» ,a +b’(——cos—— + L sin—)
2 ;\/ JaZ +b? P JaZ+b? p




f(t)=A + Zﬁh(cosn—gt COSy, +sinn—7pzt siny. )

nrt

_Ab+ZAnCOS(—_7/n)
OR:

f(t) = AO—I—ZA](COS—J[ sing. +sin 17t c0sJ, )

P P
Nt

—Ab+ZAnsm(—+§)



Note:

'’ =cos@ +isiné
e =cos@—isin@
By solvingthe aboveequations:
pil _ ot
21

eié’ e—i@

2

SING@ =

COS@ =




Example: Find the complex form of Fourier

Seriesof : f(t)=e" —-1<t<l1

Solution:
1 d+2p nirzt

C,.=— f(t)e_ P
25 |

17 .
dt:—_[e‘t e "7t
2—1

1 @i 1

. [
2 —(1+nix)

1

. —(1+nix)t .

=— e dt =
Z_I].




1 e—(l—l—niﬂ')t 1
=—| _
2 —(1+nix) |
- e—(1+ni7z) _e(1+ni7z) e.eniﬁ _e—lle—nlﬂ
—2(1+nix) 2(1+nix)

e‘” —cosxz +isinz=-1
e =cosz —isinzr =-1
e —nI7Z' ( 1)



e.e"”—et e (-D)" e-e”
" 2(+niz)  l+niz 2
- (-1)"(A-nix)sinhl
- 1+n° z°

f (t) _ icneniﬂt

_ i (—1)”(1—ni7z)sinhlenm
— 1+n° 7°

sinh X :%(eX —e) & coshx= %(eX +e™)



This can be converted into trigonomeric series:

C. :an—lbn & C. :an+|bn
2 2

Solve the above Egs.
a =C +C_ & b =1(C, +C_)

a (1) (1— nm)smhl (-1~ (1+n|7z)smh1

n

1+n° z° 1+n° z°
~ (-1"(2sinh1)
1+n® z°
b, = [( )" (1- nm)smhl (-1~ (1+n|7z)smh1]
1+n° z° 1+n° x

~ (-D"2n zsinhl
1+n® z°




- (-1)"(2sinh1)
140?72

- (-1)"2n zsinhl
 1+4n? 72

d

n

b

n

+ £ (t) =sinh1— 2sinh 1(c057z2t B C0827z2t N c0537z2t
1+7° 1+4r° 1+9x

B cos47z£ ) —27Z'Sinh1(sm7z-2t B 2SIN2t
1+167 1

vzt 1+47x°
3sin3xt - 4sindrt
1+97° 1+167°

Note:(-1)°=1 & (-D)"=(-1)"

_|_




Sum of functions:

Fourier coefficients of Sum.
f,+ f,
are Sum. of f & f,

Example:

f(X)=x+rx —TT<X<T

f=1f+1f, where f,=x & f,=7x



Solution:
The coefficients of Fourier series of f, are

zeroexcept for a, =2x

f (x)




Since f,I1s odd, a, =0

fq

b =3j f,(x) sinnxdx i

72-0

T -, 0
:ijsinnxdx
72.0

2. X 1 . [
b, = —[-—cosnx+—sin nx

7N n )

2. T 2
=——[+—cosnz—-0]=——cosnx

/2 N



f,=>a, =2

f,=>a =0 &bn:—gcosnyz
n
—2 2 —2
b=2,0b,=—,b,=—,0b,=—,.....
. 2 . 2 . 2 .
S (X)=m+2sInX——=sIn2X +—=SIN3X ——SIN4Xx +...
2 3 4
. Sin2X sin3x sin4x
=7+ 2(sSInX — - — +..)

2 3 4



Applications:

* Deflectionof simply sup ported beams:

Note:

Ely” =M (moment), Ely” =V (shear) & Ely" =W (load)

L

conditions
Y y{0}=y{L}=0 No Defl. at ends
y"[0)}=y"(L}=0 No Mom. atends



4
o d'y

=q(X)

dx”
dy _q(x)
dx* El
y = y(X), to satisfy the boundary

conditionsat theends x=0& x=1L

(1)

Mz X

Try y=> C,sin - (2)
m=1

y =0, wheresin0O=sinmz =0




Expand the load by %range (sineseries)

T X

q(x)=Y'b, smmL (3)
2 & M 7 X

b =—10g(x)sin——dx

; L!q() :

Subst Egs. (2) &(3) into Eq (1)
yC, (—) sinM Zb sinm”

b
C, (B8t =2n
() =

b L
cC =-1"T 4
" El(mﬂ)



For Uniform Distributed Load :

— m = odd

0 m = even



4 L AqLl’
°.°Cm: q ( )4: q5 -
Elmz mnx Elm’x

y:ZCmsinme

= 4(3|L4 . Mz X
Z —sin
m=1,3,5,. I—
L
Take m=1 at x=§

4qL4 . ﬂ% sl .z
y = — —sin—
Elz° L Elz 2




4
y =0.013071054 %

§ 4
yexact — 5qL — 001302833 £
384El =



Example: Simply sup ported beam,

with concentraed load.




From previous example:

d*y _q(x)
dx*  El b
y:icmsinmfx (2)
m=1
(0 = Y by sin == ©
—J'q(x) sin X ix
L
Mz X

:Ij p sin——dx = 0?27722777?



Distribute p over small distance u:

a-+u

bmzzjﬂsinmﬂxdx
L - U L




a+u

um sz L L

2P mza mnu
———[cos——cos————

um sz L L

mzu . mra mra
Sin —C0S——]
L L L

m 7z u
u—>0 ..cos >1

L

. M u m zu
& siIn >
L L

Sin




. 2p : mma mmu = mna mmna
= — cos — sin — COS
m umm L L L L

2p mnu = mna

- _umﬂ B L > L
b 2p = mmna
b = sin 7
mi b b L
4 m m 4
—_ = — =
Cm( L ) EIl Cm El (mn)
2p sin T 14
C. =
m LEI mimt
2pL3 . mma
e



3
C, = 2pi_ 4sinm7za
EIm™ L

2> . mma . mxx
y=3 P

sin sin
Elm*z* L L

2 . 7 .«
= 4S|n—sm—
El 7 2 2

3 3
_2PL _0.0205319P-
El 7 El

pL

Vo =0.0208333

Sy
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Example: Load w,, =—x and neglected the Wt.

L
of the beam Find the deflectioncurve.

Condition

y(0)=y(L)=0
y"(0)=y"(L)=0



Solution:

Ely" =M
Elym :V
v X
Ely" =W, =—p, — (1)
We choose asineseries for y that satisfies Eq.(1)
y=>C, sin % (2)



Because each term (and hence the Sum.itself)satisfied the
end conditions. Hence expand the load deflection (—po %)

in a Fourier sine series on interval (0,L):

L

2 nimx

b, = Zf )sm—dx
0

2p, L nmx  L*  nmx

=72 [xnncos T2 sin—]|;

_2p, L* nml 0 > -

=7z LC_—cos— 7.2 (sinnm —sin0)]
2p, L?

bn=——cosnn—

L? nm



nimx

—po n Sin——

IIMR

2p0 (— 1)” nix
sm—

Now compute y* from Eq.(2) and put into Eq.(1):

EI— sm—

Tt 4 . MTX Zpo (— 1)" NITx
Iz n*C, sin

The coefficients of like term must be equal:

w4 2p, (=1
EI ntc, = Po (1)
L4 T n
2p. L4
£ Cp = (1) —22

Elm>n®



El z°n° L
n=1
y —2p°L4sin7T—X
El 7° L
If x=L
2
4 4
y:—2p°|; sin—— = —0.00654 Po

El 7 2 El




*Beam on elastic foundation:

Chzky
%@:q_ky g
d'y q-ky
dx*  El ?r
q
\
AL 0

dx* ElI El



M X

Try y=> C,sin

Oy = 2 Dy Sin——
Subst the above into Eq 1):

> C, (—) sin = ZC sinmﬂx Zb sinmﬂx

M X

L
b

c(MAyi Ko o
e

mr K b
CI(—k)'+—]="
m[(L) EI] =

b

Cn = m7Z'm k
El [(T) +a]




For simply sup ported beamunder
uniform dead load on elastic foundation:

b =— m=135,...
mr
- Cn = rfr](jz k
mzEI[(—)" + —
7RI )+
4qsinm X

m 7 El [(mL”)“ +|;]




* Free vibrationof simply sup ported beams:

Free vibrationis started
after the load 1s removed )

—_ —

| L L

] 1
PA 8%y (,0 =\Wt. per unit volumej

Inertia force = - 4 _
El ot A =Cross section area

d'y  pAd%y
+ =0 1
dx* El ot° &)



Try y(xt) =Y f(t)sin ””L”‘
n=1

Subst Eqg.(2) into Eqg.(1):

2<”T”>4f<t>sm”fx X rsin T =
n=1

(2)

(—) f(t)+ f(t) 0
i

pA " N7, , _
Ef (t)+(—) f(t)=0

) El nz,
f(t)+pA( ) f()=0




El
f"(t) + f(t)=0
(t) pA(L) (t) =
Let o (nﬂ)4:a2
oA L

')+’ f()=0

Let f (t) =ce™

M +a’=0= m==tqai
f(t)=c,cos at+c,sin at

~y(xt)=> (c,cos at+c,sin at)sin—-

NxX
L



Att=0=velocity=0= oy

ot
% =Y (-c,asin at+c, o cos at)sin 2
o L
oy
=0 @t=0
ot @

Nz X

0=> (-casin 0 +c, acos 0)sin—— -

0=Z(0+0205):>CZ:O



N7 X
y=> ccos atsin—-

Att=0, y(x,0) =y (static)
For uniformdistributon load:

4gL° . nzx
Sin——= ) c,cos 0sin——
ZEI n° > L Z

4qL N7z X
Y=Y e cosartsin =

X



The Fourier Integral:

Many problems do not involve periodic function,
and an non periodic functions cannot be handled
directly by Fourier series. If in a periodic
function:, f (t), we let approaches infinity, then
f(t) is no longer periodic.

Begin with complex form:



nI7Z't

f(t)_ZC e P

n|7zt

—jf(t)e > dt

nizze

L [1,@e * do
2p 2

(1) = Z[—jf (r)e mgrdf]em;

_Z[ jf(r)e pdr]ep%



n
Let frequencyw. =" and aw="

P
f(t) = i[ie”vntff (r)e ™ dz] AW
P — 271_ i P

IWt

Let F(w) = jf (r)e ™ dr

L f () = ZF(Wn)AW (1)

N=—oC

The limit of a sum of the form(l) isthe

Integral, JF(W) dw



Since p —»oc Implies Aw — 0, the non periodic
limit of f (t), say f(t) can be written as the

Integral;
f(t)= T[zieiVVt ]C f(r)e " dr]dw (2)

The other from:

f(t)=[g(w)e™ dw 3)
g(w)=%_o[cf(r)e‘mdr (@)

These two equations constitute what is known as
Fourier complex transform.pair.



For trigonometric form: Set(frequency);w, = %n,

n(n+1) nt mw 1 Aw
Aw,, = == == — =
p P b T

nrt nrt
an cos— + b, sin 7]

IIMR

hO =5+
f £,(1) dt + = Z [Cos(We) A f £,(7)

cos(wt)drt + sin( wt)Aw J fp () sin(wt)dt](5)



fp(t):z—lp f fp(f)dﬂii[cos(wtmwf f (1)

—p T n=1
p
cos(Wr)dr+sin(vvt)ij f (r)sin(wzr)dz] (5)
—P
Let p >oc(then Aw — 0) and we can show;

f(t)=— j[coswt T f(r)cos(wr)dz +sinwt T f(z)sin(wz)dz]dw

O —oc %



OR:

f(t):% j j f (r)coswzcoswtdzdw; (6)
00

f (t) Is even[Fourier cosine integral]

f(t):%j f(z)sinwzsinwtdz dw. (7)
00

f (t) 1s odd[Fouriersine integral]




It is convenient to have the Fourier
cosine and sine integral representation

as transform pair.



The Fourier cosine transform pair is:

f(t)= ETg(w) coswt dw
T ;
2 > f(t) Is even
g(w)= —jf(t) coswt dt
T 0

We have made It instead of .
The Fouriersine transform pair is:

0 > f(t) 1s odd




Example:

Find the Fourierintegral of

f(t)_; 1 t| <1
_\ 0 t>1
+F (1)
1




Solution:
The function IS even So:

g(w)= \f jf(t) coswt dt

. 1
(J‘lcoswtdt—\/zsm\m
T W |,
_\/?smw
T W
20C
f(t)= Fjg (w) coswt dw
72-0
csinw

:ZJ coswt dw
Ty W

(@)



The avergageof the left and right hand limit of :

t

f(t)@t=1isequal to ‘2"‘:1

T o<t<1
oC - 2
J‘COSW’[ SInw dW:<£ ‘1
0 W 4

0 t>1

sinw

Whent =0, thenj—dw Sl(oo)—E



The integralis the limit of the So—called,

sine integral [Si(t) = jﬂdw as t— oo,

In non periodiccase, as we did in the Fourier
series, It Is of Interestto investigat how well
the Fourierintegral representsa function



Let us returnto our example; From Eq.(a) as
an approximaton to f(t);

L 2 "gsinw
we havethe finiteintegral J' coswt dw
Ty W

by replacing o by w, .

sin(a+b)-sin(a—b)
2

And since cosasinb=




SINW
— I— coswt dw

Wo

Jsmw(t 1)

1 Ismw(t+1) dw—i
T T

0

Setw+wt=u:; then dwzﬂ

t+1

dw  du du and . 0<w<w, approaches
w o wt+1) u 0<u<(t+D)w,




Also setw—-wt=-Uu=wt—-w=uU
and 0<w<w, approaches O<u<(t-1w,
Then we obtain:

2 "ecos wt sin w
T W

%D sin u 'y smu
J “—— J
0

0

dw

1

1
7T
is|[w (t+1)] = Sifw, (t - 1]



The figure below shows this approximation
for w_=4, 8 and 16 rad/unit time.

Physically speaking, these curves describe the
output of an ideal low-pass filter, cutting off
all frequencies above w_, when the input

signal is an isolated rectangular pulse.
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